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Abstract

The prime target of this paper is to compare some relative (k,n) Nevanlinna de-
fects with relative (k,n) Valiron defects from the view point of integrated moduli of
logarithmic derivative of entire and meromorphic functions where k£ and n are any two
non-negative integers.

1 Introduction, Definitions and Notations

Let f be a non constant meromorphic function defined in the open complex plane C.
For a € CU{oo}, let n(t, a; f ) denote the number of roots of f = « in |z| < ¢, the
multiple roots being counted according to their multiplicities and N (¢, «; f) is defined in

the usual way in terms of n(t,«; f ). Similarly, n(t, a; f) denotes the number of distinct

roots of f = «a in |z| < t and N(t,a;f) is also defined in the usual way in terms of

n(t, o f).
The Nevanlinna defect d(c; f) and the Valiron defect A(a; f) of a are respectively
defined in the following manner:

. N(T, (o' f) L. m(r, Q; )
d(a; f) =1 —=limsup——;— = liminf———+=
( f) r—00 T(T, f) r—00 T(/’n’ )
and N
Al ) = 1 — Timinf Y0 s f),

T T(Tv f) r—00 T(Tv f)

Milloux [6] introduced the concept of absolute defect of ‘e’ with respect to the derivative
f . Later Xiong [10] extended this definition. He introduced the term

. N(r, o (k)
(e f) =1~ hflscip(T(r ff) )
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for k=1,2,3,......
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and called it the relative Nevanlinna defect of ‘a’ with respect to f*) Xiong [10] has shown
various relations between the usual defects and the relative defects. Singh [§] introduced
the term relative defect for distinct zeros and poles and established various relations be-
tween it, relative defects and the usual defects. In the paper we call the following two terms

N (r «; f(k))
(k) X 11 s by
Ré(n) (Oé, f) =1 hiri)sogp T (T, f(n))
and ®
R) (o ) — 1 — o i V(T 05 [)
R (es /) =1 =t sy

respectively the relative (k,n) Nevanlinna defect and the relative (k,n) Valiron defect of ‘o’
with respect to f(k) for k=1,2,3,...... and n=0,1,2,3,..... and prove various relations
between them. For n = 0, the above definitions coincide with the relative Nevanlinna
defect and the relative Valiron defect respectively.

The term S(r, f) denotes any quantity satisfying S(r, f) = o{T(r,f)} as r — o0
through all values of r if f is of finite order and except possibly for a set of r of finite
linear measure otherwise. We do not explain the standard definitions and notations of the
value distribution theory and the Nevanlinna theory as those are available in [4].

The following definitions are well known.
Definition 1.1 The order p; of a meromorphic function f is defined as

: log T'(r, f)
py = limsup————.
r—00 log r
If f is entire, one can easily verify that
log?l M(r, f)

= limsup—————=.
Ps T_)OOp logr

If py < oo then f is of finite order.

Definition 1.2 The lower order Ay of a meromorphic function f is defined as

logT
A = liminf 08 LS
7—00 logr

If f is entire, it can easily be verified that

logl? M

A = liminf o8 M)

T—00 logr
We may now recall the following.
If f be a meromorphic function in the complex plane. Then the integrated moduli of
the logarithmic derivative I(r, f) is defined by
27 | pf i6
r f(re’)
1 =— .

== [

for 0 <7 < 400 {cf. [9}.
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We now define the following two terms by using the concept of I (r, f)

, N(r,a; f*)
R g: ) =1_-1 R st A
16y (as f) L N TR
and ( k)
N(r,a; f
AB) (g ) =1~ lim inf ——2J )
1A (a5 f) = 1=l inf =

These are respectively known as relative (k, n) Nevanlinna defect and relative (k,n) Valiron
defect with respect to I (r, f). In this paper we obtain different kind of relative (k,n)
defects of entire and meromorphic functions under the flavour of their integrated moduli
of logarithmic derivative. Further, the estimations are sharper as ensured by suitable
examples.

2 Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1 [§] Let f be a meromorphic function of finite order such that »_ 6(a; f) =1

and 6(oc0; f) = 1. Then for any non negative integer k, e
tim L)
r—oo T'(r, f)
Lemma 2.2 [§ If f be any meromorphic function of finite order such that Y d(a; f) =1
and 6(oc0; f) =1, then e
G A

r—00 T(r’ f(n))

where k and n are any two non negative integers.

Lemma 2.3 [1] Let f be a meromorphic function of finite order with Y §(a; f) = 6(o0; f) =
aF#o00
1. Then for any'd/,
. (k)
k), . T (T’ Qa5 f )
RO () (0 f) = hg&lfiT (v, £)

Lemma 2.4 [1] If f be any meromorphic function of finite order with > d(a;f) =
a#£oo

0(o0; f) = 1, then for any ‘o’
- (k)
®) (e 1) — Ty T )
RA(n) (Oé, f) - h?i)sogp T(’r‘, f(n)) .
Lemma 2.5 [9] Let f be an entire function of finite order'p’ having no zeros in C. Then

o 1020
T ) T

and

o 107
R T )
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Lemma 2.6 If f be any entire function of non zero finite order 'p’ with no zeros in C

such that > 0(a; f) =1 and §(o0; f) = 1, then for any non negative integer k,
a#00

(k)
hm I(T, f )

N (O

Proof. In view of Lemma Lemma and Lemma [2.5 we get that

I(r, f®) I(r, f®) T(r, f(’“))]

oo I(n ) rew

T, /%) 1)
16, f®) TG, )

= JHm T(r, f5) oo I(r, f)
_ T, fR) T(r, f)
= T T
_ T, f®) . T(r, f)
= 7p lim T(r ) 'JH&[(T, 7)
= 7Tp-1'7r1p:1.

This completes the proof of the lemma. m

Lemma 2.7 If f be any entire function of non zero finite order 'p' with no zeros in C

and > d(a; f) =1 and 6(oc0; f) = 1, then for any two non negative integer k and n,
aFoo

(k)
tim 20Ty

AT, f)
We omit the proof of Lemma[2.8 because it can be carried out in the line of Lemma[2.7

Lemma 2.8 Let f be an entire function of non zero finite order’p’ having no zeros in C

with Y §(a; f) = d(o0; f) =1 . Then for any ',

aFoo

®, o (1 . om(ra; f0)

Proof. In view of Lemma Lemma Lemma Lemma Lemma [2.6] and
Lemma [2.7] we get that

Y SRR LGP )
Ié(n) (Oé, f) =1 hf‘risc'gp 7 (T, f(n))
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. N (r, e f(k)) . T(r, f®)
= - limsup ey ey
1 tmenp Y mas SY) (T fY) TG f)
= hﬁgpw . T(r.f)  1(r, f0)
: f6) (k)
= 1—limsupN (ras /) M 1; T(r,f)

Pt T (r f0) s T f) s I(r, £

o N(raf®) (T ) I f)

= e ey 'AE;<I(hf)'IOanU>

e N(resfW) T f) I f)

R ) I S T R ()
N (r, o; f(k)) 1

— 1 limsup— )L
NPT (i f @Y 7

_ <1_ Wlp > +7r,,hﬁﬂi£fmf(€f}<{§§)) i HoloI((r f(n)))
(1) (5 )
- (1 5) S
= (1) i T
) ot (55 )
< (-5) S
- <1_7r1p>+ liminfnw-wp-l

This proves the lemma. =

Lemma 2.9 Let f be an entire function of non zero finite order 'p’ such that f has no
zeros in C with Y d(a; f) = d(oo; f) =1 .Then for any ‘o’

a#£oo

(k)
W (] : m (r, o5 f7)
A(”)(a’ )= <1 ﬂ'p) —i—hﬂi}p I(r,f("))

The proof is omitted.
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3 Theorems.
In this section we present the main results of the paper.

Theorem 3.1 Let [ be an entire function of non-zero finite order’'p’ having no zeros in
C such that m (r, f) = S(r, f). If 'd’, b’ and ' are three distinct complex numbers then
for any two positive integers k and n,

310 (a3 F)+2160) (b; F)+ 102 (c; f)+51800) (003 f)+7r1p < 57A0) (003 [)+51A0) (0; f)+1.

Proof. Let us consider the following identity

b—a [ f® ff-a f-b f-c f® B (f-a f-0\| f
f-a” f—a{f<k> - f<k>}_ B f 'f—a'{fﬂf) - f<k>} o

c .

Since m (r, f—ia) <m (r, b_“) +0O(1) and m (r, i) <m(r,f)+ O (1), we get from the

—a C

~

above identity that
b—a f—a f—0 f—c
n(n5=2) < n( ) o () ()
f—a f—b f
(v ) o (n )+ ()

+5(r, f)

) < ) )
+m (r, f)+5(r, f)+0(1)
i.€., M <r, 7 i a> < 2T (T‘, ‘W) — 9N <r, w> LoT <7‘, ff(—k)b>

f—=0 f—c f—c
() 47 () - ()
+m (r, f) +5(r, f)+0(1). (1)

Now by the relation T’ (T, %) =T (r,f)+ O (1) and in view of Lemma [2.1, we get from
Equation that

. 1 f) f— £k
ieam(nys) < ”(T’f—a)‘”(“M)”T<“f—b>
f—0 &) f—
o (T’ f<’“>> o (T’ f- c) - (r’ f(k)c>

+m(r, f)+S(r, f)+O(1).
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+m(r, f) +S(r, f) +0(1). (2)
In view of {p.34,[5]}, it follows from Equation ({2)) that

wnga) = o () e (g v oo ()
—mN(an)+2N<nfib>—QN““ﬁ_m_2N<nﬂ%)
A AR
+m(r, f)+S(r, f)+ O (1)
(o) = W) s -ov o )

1 1 1
+2N | r,—— | + 2N (7‘, > + 2N (T, >
< f- > f=0 f—c
m (r, f)+5(r, f)+0(1). 3)
In view of Lemma [2.5|and m (r, f) = S (r, f), we obtain from Equation (3)) that

)
(
m(npa) € o () s o (i)
w2 f—a>+2N< ) e ()

+5(r, f)

L(T’fi“) < 5liminf{N(T7f(k)) N(r, f) N<7"f<1k)}
I

i.e., liminf

r—oo | (7"7 f(n)) - T—00 I (7”7 f(n)) - 1 (T’ f(n)) f
N (7’, ) N (T’ ﬁ>
+2hfi S;ip I (7‘7 (n)) + 211&1‘.pr
N (r, ic
+2lim sup ( ! )

R T o)
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(k)

TL

€., 3100 (a; [)+2160) (b; )+ 10 (c; f)+51500)

(n

1
(001 f)+— < B1AG) (003 +51A() (0: /) +1
This proves the theorem. m

Remark 3.1 The condition p > 0 in Theorem[3.1] is necessary as we see from the follow-
ing example.

Example 1 Let f(z) = z. Then N (r, f) =0 and

T(r,f) = m(raf):217r/027r10g+‘f<7"6i0)‘d9=217T/O2ﬂ10g+‘rei9

1 2
= 277/0 log™ (r cos ) d

™

1 [z 1 ("2
o7 ), og (rcos@)do 5 /0 og (rcos@)do
1 [2 1 [2 1 (2
= — log (r cos0) df + / log (r cos ) df = / log (r cos9) d
2T 0 2T 0 ™ Jo
2
= 1-27rlog<r> —210g< ) # 0.
T 2
Now,
(2]
p = lim sup M = lim sup log 7 r = lim sup =0
P00 log r r—oo lOgT r—oo log T
and ,
ro (2 f (Tei ) ro (7 |rei? g r
Therefore
100 (a3 ) = 100 (05 1) = 180 (cs ) = 1000) (005 F) =1
and o i
A (cor f) = 1AD (0 ) = 1.
Hence

0o < 5;A0) (005 f) + 5,A% (0;f)+1

(n) A7 (n)

which is contrary to the conclusion of Theorem[3.]]

Remark 3.2 The condition’a, b and c are any three distinct complex numbers in Theorem
is essential as we see from the following examples.

Example 2 Let f = exp (2z) and a =b=c= 0. Then we get that N (r, f) =0,

So,
ro [T f, (Tew) P (2| e2re L opeif .
I = 1 2 2 |df = — . df
(T7 f) (T xp ( Z)) 27T / f (’r‘ew) 2T e?reze
2w 2 2 2m 2
- %e‘w— /(mwzr/dkf-%:w¢o
27 2 T Jo m
and 2] [2] ,2
1 M 1 log (2
p= lim sup Og—(r’f) = lim sup og—-¢ — lim sup Og( 'l“) — 1
r—00 IOg r 7—00 log T r—00 log r
8
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Now,
1080 (ai ) = 1840 (b ) = 189 (5 f) =
and .
A (00 f) =
Hence
31000) (a; ) + 2100 (b; ) +
1 1
= 3+2+1+5+— =11+~
™ ™
and
5[A(0 (o0; ) + 5]A

(n)
which is contrary to Theorem [3.]]

Example 3 Let f =
I(r,f)=2r2#0 and p = 1.
So,

100 (as f) = 1600) (b3 f) =

and
AR (001 f) =
Thus,
31000 (as f) + 20800y (b f) +
1 1
= 3+2+1+5+—=11+-
0 T
and

5100 (00; f) +51A0) (0

which contradicts Theorem [31.

(0f)+1

15%0) (¢ f)=

[+

ISSN No : 1006-7930

100 (05 £) = 160 (003 ) =1

k

A (0; f) =1.

O (¢ £) + 5180 (00; f) + —

545+ 1411,

exp (2z) and a = b = ¢ = oo. Then we see that N (r,f) = 0,

1080 (00 f) = 160y) (005 ) =1

k

AW (05 ) =1.

k

O (¢ £) + 5180 (003 f) + —

1=5+5+1+11,

Volume XIIl, Issue I, 2021

Theorem 3.2 Let f be any entire function of finite order’p’ with no zeros in C satisfying
the condition m (r, f) = S (r, f). For any two positive integers k and n,

7’L

160 (0 )+ 1000) (003 ) + 181 (e ) < 1AQ) (003 ) + 21A() (03 )

where 'a’ and'c’ are two non zero finite complex numbers.
Proof. Let us consider the following identity

c —c fF) (k 1
Lo e

O
Since m (r, l) <m (7", %) +O0 (1) and m(r, f —a) < m(r,f)+ O (1), we get from the

!

above identity
c f—c
n(n5)<m (v

>+m07%>+mmﬁ+5mﬁ+0m

9
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. 1 - f- 1 1
eon(ng) = () N (G ) o7 () - ()

+m(r, )+ S(r, f)+0(1). (4)

Now by Nevanlinna’s first fundamental theorem we get from Equation that

1 F® f- 1
n(r) < () - () e () ()
_I_

m(r, f)+5(r, f)+0(1)

) 1 fk) f—c 1
ieom(rg) < ( f—c) - (v ) - (g ) +7 ()
+m(r, f)+S(r,f)+0O(1). (5)

In view of {p.34, [5]}, we obtain from Equation that

m<r}> < N(r,f(k)>—|—N<r,fl_c>—N(r,f—c)—N<r,f(1k)>—N<r,f(1k)>
T (v, fO) 4 m (r, ) + 8 () + O (1), (6)

In view of Lemma and m (r, f) = S (r, f), it follows from Equation (6]) that

m(ﬁ}) S N<r7f(k))_N(raf)_2N<r1f(1k)>+N<rvfic>

+T (r,f(k)> +S(r, f)

m (7 ¢ N (r L
i.e.,liminf ( f) < liminf—"—% N (r /e ) _ liminf (r, f) olim inf ( f(’“))
r—oo | (T,f(n)) r—00 ( f ) r—00 ( ’f(n)) praabe (T, f(n))
N(nrk) T (®)
+h§ii‘.3pw AT (r, )

et 0 (03 1) + 1AL (005 ) + 1080 (6 f) < 1AL (003 ) + 21A0) (05 ).
Thus the theorem is established. m

Remark 3.3 The sign’ <" in Theorem can not be replaced by ' <'only as is evident
from the following example.

Example 4 Let f (z) =expz and a = ¢ = 0. Then we see that N(r, f) =0 and

211 211

1 1 i0
T(Taf) = N(T7f)+m(7";f) QH/log ‘f( e)ldgzm/log'i_ ¢
0 0
. 211 . Z
_ rcos 6 - — 1
= o log™ (e )do = 2H/rcos€d0 o

0 _

]|
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Now,
r 2m f’ (T,ew) r 27 | rei? ret® . g r 2
I = — : — _ = — 0.y
(r, f) or /0 7 (re?) o ore? do o /0 re ’L‘ do
r 2m 7“2 2 7“2 9
and o T ,
p = lim supw = lim sup 8x _
r—00 IOgT‘ r—00 ogr
Thus,
160 (0, ) = 1AL (003 ) = 18 (e f) = 1
and . N
IAD) (003 ) = 1AL (05 f) =1
So,
1A (00 )+ AR (0 /) +1=14+1+1=3
and
1AL (003 f) + 2A0 (0 /) =1+2=3.
Then
©) (0. (k) A©
180, (0.F) + 1AL (005 f) + 16 (5 f) < n(OO f)+21A ) (05 ).

Theorem 3.3 Let f be an entire function of finite order'p’ such that m (v, f) =S (r, f).
If a and d are two non zero finite complex numbers then for any two positive integers k
and p with 0 < k < p,

180y (@ )+ TG (o )+ 108 (a5 £) < TAG (00 )+ TATT(O) + 1AL (05f)

where n is any positive integer.

Proof. Let us consider the following identity

1 1| f® fk) —q f® f®
F—d = |a\F-a 70 foaf\Foagmf| VT
Since m (r, f —a) < m(r, f) + O (1), we get from the above identity

m<r,fid>§m<r,f(l;)(;a>+m< f(k))—l—m('rf)—i—S( n+oM). (7

Now by Nevanlinna’s first fundamental theorem and Milloux’s theorem {p.55,[5]}, we
obtain from Equation that

1 f®) —q ) —q 1
m<r,f_d> < T(r, ) )—N(r,f(p) >+T<r,f(k)>

<N07w>+m@ﬁ+smﬁ+00)

11
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. 1 f@ fk) —
.e.,m <Ta f — d) < T (Ta f(k)—a,> — N (T, f(p) a + T (T7 f(k)>

N (f}k)) +m(r f)+ S f)+ 0 (1)

k) —
N ( o a) ~N (r, R0 “) +7 (r, )

—N< f(lk)>—|—m( £+ H+0(). (8)
In view of {p.34, 5]}, we get from Equation (8 that
m (r, fl—d> < N (7‘, f(p)) +N (r, f(k)l—a> - N (7“, fo —a) - N <7“, f(lp))
+T<r,f(k))—N<r f(lk)>+m( H+SEH+01). (9)

In view of Lemma and m (r, f) = S (r, f), it follows from Equation (5| that

m<7’7fid> < N< f(p)>—|—N( f(k)l_a>—N(r,f(k))_N<r,f(1m)
1

~
®
3

N\
3

~

| | =
IS

N——
IN

m (7, 5 (p) (k) N (r, L
i.e.,liminf“(;l) < liminf ( f( ) — liminf (71’f( )) — liminf ( f(‘p)))
r—oo [ (’r’,f n ) r—00 ( f ) r—00 ]( f ) r—oo | (7-7 f n )
N 1 N T, 1 (k)
—lim inf < f(k)) ) + Jim sup < f(lz;;a> lim (Tv f(n))
ree ( f ) r—00 1 (7’ f ) r—oo | (71’ f )

ze,ﬂs ) (d; )+ ,A( (00; f)+ 16W (a; f) < IA”“ (00 f) + IM) 0; f) + IA (0 1).

This proves the theorem. [

Remark 3.4 In Theorem[3.3, the inequality ' <' can not be removed by 7 <'only which
can be seen from the following example.

Example 5 Let f =exp (2%) and a=d=0.Then N (r, f) =0,

do

T0g) = minn) =g [ 1ot |7 (re?)

12 2,2i0 1 [ 2(cos 20-1i sin 20
= — logt e | df = 2/ log™ |7 (cos20+isin20) | g
T Jo

2T 0

1 2m 1 2m 2
= — log* (eTQ cos 20) do = — / 12 cos 20d0 =

2 Jo 2 Jo m

12
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and
) log!? M (r, f) log!? 2logr
p =lim sup ———— = = lim sup —— = lim sup =2.
r—00 logr r—oo logr r—oo lOgT
Thus,
, . r2e2t 246
r 27 f (Teze) r 2m |e ‘22’/’ e ‘
1 = — 2 ld) = — do
(7"; f) o /0 f (Te’e) o ‘€T2e210
27 _r2cos20 ccos29 27
= L -27‘2/ c 3 € / <0520 79
2 0 er? cos 20
7“3 1 47 nd 3
= —.= e = — -4l — - I
g [ e = - anty () = 2 no (1) #0
where I, (z) is the Modified Bessel Function of the first kind such that
1 " zcosf
I,(z)== [ e - cosnhdb.
T Jo
Now,
100 (di 1) = 1840 (0 1) =1, 108 (a3 /) = 10 (0; ) =1
and . o
1A (005 ) = 1AL (00 f) = 1AD) (0: ) = 1AL (03 f) = 1.
Hence,
100 (di 1)+ 1AL (003 )+ 100 (a3 1) =3 = 1AL (003 )+ 1AL (0 )+ 187 (05 ).

Future Prospect: In the line of the works as carried out in the paper one may think
of relative deficiencies of higher index in case of meromorphic functions with respect to
another one on the basis of sharing of values of them. As a consequence, the derivation of
relevant results in this field may be a virgin area of research to the future workers of this
branch.
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