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Abstract--Graph Theory began with Leonhard Euler in his study of the Bridges of K¨onigsburg problem. Since Euler
solved this very first problem in Graph Theory, the field has exploded, becoming one of the most important areas of
applied mathematics we currently study. Generally speaking, Graph Theory is a branch of Combinatorics but it is closely
connected to Applied Mathematics, Optimization Theory and Computer Science. At Penn State (for example) if you want
to start a bar fight between Math and Computer Science (and possibly Electrical Engineering) you might claim that
Graph Theory belongs (rightfully) in the Math Department. (This is only funny because there is a strong group of graph
theorists in our Computer Science Department.) In reality, Graph Theory is cross-disciplinary between Math, Computer
Science, Electrical Engineering and Operations Research. For any constant size sequence, we overcome the question of
sub-graph isomorphism in planar graphs in linear time. Our findings are based on a technique used to partition the
planar graph into small tree width sections and use dynamic programming in each section. Many flat graphic problems
like connection, circumference, circle, isomorphism, or shortest paths can be solved using the same techniques.
Keywords—Tangle tree, finite graphs, Bridges.
I. INTRODUCTION

In this paper graph theoretic results concerning the degree sequence, vertex coloring, and the vertex independence
number are used to derive theorems about finite groups. First, two elements X, y of the group G are connected by an
edge whenever they commute: xy = yx. A well-known fact about coloring the vertices of a finite graph is shown to
yield an upper bound to the order of the largest abelian.subgroup(s) of G, in terms of the cardinalities of the
conjugacy classes of G. The same graph, and a lower bound to the vertex independence number in terms of the
degree sequence, yields a sufficient condition on a non-abelian group G in order that G contain at least {[G1/3]}
pairwise non-commuting elements, and hence cannot be covered by the union of fewer than {[G1/3]} abelian
subgroups. Such groups are, for example, permutation groups of prime degree, Frobenius groups, the simple groups
PSL(2, p), and the sporadic simple groups. Finally, turning to finite abelian groups G and an entirely different graph
association, we use the vertex independence number to prove an extremal result concerning the cardinalities of the
(disjoint) sets S U -S and S-S when S is a locally-maximal sum-free subset of G. Along the way we find a lower
bound for all such S c G, of the form |𝑆| ≥ Constant.

II.TERMINOLOGY AND BASIC FACTS
The isomorphic sub graph is an essential and very general type of exact correspondence of patterns. The sub graphic
isomorphism generalizes other main graph problems, including Hamiltonian paths, cliques, correspondences,
distribution, and the shortest. The sub graph isomorphism Sub graph isomorphic variations have likewise been used
to model such diverse functional problems as comparison of molecular structure, integrated circuit checking,
optimization of micro programmed controllers, prior art avoidance in genetically system development, study of
Chinese ideographs, robot action preparation, semantic network recuperation and polyhedral arty facts. In the
question of the sub graph isomorphism, provided a "template" K and a sequence "L, it is either appropriate to find an
occurrence of H as a subsection of K or to list all occurrences. There may be an exponentially multiplication of
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occurrences for any choices of K and L, but the listing of all occurrences cannot be resolved in sub exponential
periods. For this respect, we look at the unique case of K (and ultimately L) flat graphs, a restriction which is
obviously present in many applications. We demonstrate that planar substrates can be resolved in linear time for
every fixed sequence. The findings contain many other concerns, including access to the origin, isomorphic sub
graphic effects and limited paths. A common decomposition method is implemented in our algorithm for
classification of different NP issues on flat maps. The solution is to delete a set of small arboreal from the diagram,
when we have a range with non-sub graphs with small arborescence covering each vertex.Each planar map needs to
be presumed to be easy, and the number of boundaries is 𝑃(𝑗) at most. It is a straightforward matter of time because
we do not need to consider the dependency of this figure. The only difficulties that pose a difference in this
definition are isomorphic sub graphics, I and edge connectivity; for such issues it should be concluded that the graph
has minimal edge multiplicity, so again 𝑙 = 𝑃(𝑗).

III.LATEST OUTCOME
The following findings have been shown. Time dependency on me is not included. It's exponential generally
(necessary except for 𝑄 = 𝑄𝑀 because the isomorphism of the planar sub graph is 𝑀𝑄 − 𝑓𝑢𝑙𝑙).
1.
2.
3.
4.
5.

6.
7.

In the case of a planar graph H, we may check if a certain fixed pattern I is, or in time 𝑃(𝑚), count the
number of events 𝐻 as a subgraph 𝐼.
If the associated pattern is l, we can mention all occurred in time 𝑃(𝑜 + 𝑙) as a sub graph of the planar
graph 𝐻. If 3-linked, then l= m and all things can be described in 𝑃(𝑜) time.
The number of mediated subsections of a planar 𝐻 isomorphous graph can be determined to be any fi xed
sequence linked to 𝐺 in time 𝑃(𝑜) in order to list them in time 𝑃(𝑂 + 𝐿) if there are k occurrences.
In planar diagrams we may solve the h-and h-issues in time 𝑃(𝑜) for every constant 𝑖.
We can measure an exact girth in time off 𝑃(𝑜) for any planar graph H for which we are conscious of a
constant circle boundary. The same restriction is whether the shortest separating cycle or the smallest non
facial cycle in a specific plane is needed in a given diagram instead of the circuit.
We can measure vertex connectivity and edge connectivity H in time 𝑃(𝑜) for any planar graph 𝐻. We may
check the k-edge connectivity of any fixed k in 𝑃(𝑜) period for planar multigraphs.
In time 𝑃(𝑚) we construct a linear routing data structure for any planar graph 𝐺 and any constent m which
can check for a pair of vertices if their distance is at its limit m and, wherever feasible, find a shortest
routing distance in time 𝑃(𝑙𝑜𝑔𝑚).

We may measure the exact diameter in time 𝑃(𝑜) for every planar map H for which we know that the diameter is
constantly limits.

IV.WORK WHICH RELATED TO SUBJECT
The naïve exponential which is defined as 𝑃( 𝑚⃓ 𝐼⃓ ) and it is always weaker than the general subgraph isomorphism
𝑃( ⃓ 𝐼 ⃓

and the time taken │𝐼│
𝑛𝑃(√⃓ 𝐼⃓) which is much bigger than the given lower bound. Most articles examined
isomorphism of flat sub graph with minimal patterns. Long ago it was understood that if model 𝐼 was 𝐿3 or 𝐿4 , at
most P(m's instances could be a subgraph in a planar graph H. and such instances could be described in a linear
time. It was an algorithm that measured accessibility to estimate maximal independent sets and checked
inscrutability. Linear time and instance limits for 𝐿3 and 𝐿4 are based solely on the spartanfeatures of planar charts
and related approaches are often common in the search problems and other full sub graphs.
The grapes that can be located at most 𝑃(𝑚) times may recently be described in a planar graph n-vertex as the subgraph isomorphism: precisely these are the 3-connected planar maps. Nevertheless, our evidence does not contribute
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to an appropriate algorithm for the isomorphic three-connected planar subset. We use different strategies in this
paper that do not rely on the strong communication order. Obviously all the shortest pairs of ports may be
determined in time 𝑃(𝑜𝑛), after which the requests that we mention can be addressed in time 𝑃(1); but certain faster
algorithms are known to have estimated shorter planar route. Their details are often focused on Frederickson, the
shortest route structure. Within less preparatory time than other established tests, our data structure reacts
specifically to the shortest path questions, but can only identify paths of constant duration.

Isomorphism of restricted tree-width- Sub graph isomorphism checking in grapes with restricted width of the tree
must be carried out as a subroutine. This can be done by a traditional technique of dynamic programming. A
condition that we count or mention each subgraph isomorphs precisely one period complicates the exact description
of the question we solve. For convenience, we define the limitations of this issue with a parameter that calculates
both the text tree width and the pattern dimension.
Definition :A graph G tree decomposition is a T-in which each node of 𝑀 𝜖 𝑆 is labeled as 𝑀(𝑂) ⊂ 𝑊 (𝐻) that
forms a contiguous S sub-with a number with tree nodes whose tree labels include some specific H vertex. Every
border, in other words, links two vertices belonging to the same 𝑀(𝑂) label to at least a M node. The tree's breakup
diameter is one smaller than the highest mark placed in S. H's treetop distance is the least range of any Hbreakdown.
The sub-tree at node O is made up of O and the descendants. An induced sub graph of H is connected to each of
these sub trees and has vertices in sub-tree node names.

Theorem :The M-rooted substratum supplies the association mediated substratum 𝐻 with a tree decomposition.
Proof- A tree breakup which does not instantly follow is just due to the need for each edge to connect two vertices
on the label of a specific node. Because this is valid for G and T, any induced edge of sub graph (𝑤, 𝑦) But if not, u
belongs both to 𝑀(𝑝) and, if not, to 𝑀(𝑝) where M belongs to O. Therefore, through adjacency, at least one node in
the sub tree also all belongs to the mark.
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Lemma:-Suppose that graph H with m vertices and decomposition U of H with width w are given. Let s be a subset
of H's vertices, and let H at most w vertices be a fixed diagram. All isomorphs of H in H may be identified in time
with any vertex in S.
Proof: To compute 𝑌1 and 𝑌2 values for increasing partial isomorphic boundary, the above dynamic programming
method. We calculate the pair set (𝐶; 𝑌) in the top down of the tree in which B is a partial isomorphic limit and Y is
either 𝑌1 or 𝑌2 , such that the 𝑌(𝐶) meaning contributes to the subgraph isomorphic nal counts. These pairs may be
defined as those that have been marked as adding to the sum of 𝑌(𝐶) and that have produced a non-change in this
count in a higher pair in the list. Finally, we measure again from bottom up, naming the partial sub graph isomorphs
for each contributing pair (𝐶; 𝑌) in the 𝑌(𝐶) meaning. The following is achieved by removing each addition of the
𝑌(𝐶) description in the previous lemma and by removing any multiplication with a partly isomorphic one from a
Cartesian combination of two pre-compute lists. It is possible to do this by mimicking a preliminary 𝑌(𝐶)
approximation described in the previous lemma. For this equation the number of steps is equal to the number of
steps in the previous algorithm and the extra time for each iteration of a partial isomorphic pair. For each
combination, the isomorphic component used in the output may be mounted, and each output is created from a
binary combination panel that takes the execution of 𝑃(𝑧) time. 𝑃(𝑙𝑧) is applied for the complete period.
Lemma: Let planar graph T have a root tree G where the longest path is long m. Then in time 𝑃(𝑚𝑜) it is possible
to consider a tree decomposition of T with width limit at 3m.
Proof: We presume that T is embedded with all sides of the circle, including the outside face. Form the trees with
one node in each triangle, as well as an edge that links some 2 nodes, while the related triangles share an edge that is
not in T. Label each node with a collection of vertices on the route that links each angle of the triangle with the
centre. Then the endpoints of each edge are part of a marking collection (namely, the sets of two triangles that
surround the tip) and the labelling of each vertex creates an adjacent substratum.

Owing to the exponential dependency of our overall algorithms on the tree-of covering segments, we concentrate
our efforts to the as much as possible this distance, at the expense of that the total cover size by a factor of 𝑃(𝑧) by
as little as possible.
Lemma : Let 𝐻 be a flat graph and w be a specified parameter integer. So we may apply the following
characteristics to a community of subgraphs 𝐻𝑖 and to segment the vertices of 𝐻 into sub set 𝑆𝑖 : The full number of w sub graphs of 𝐻𝑖 is any vertex of H.
 Each subsection of 𝐻𝑖 with a tree width may be decomposed to a limit of 3𝑤 − 1.
 If H is a w- sub graph of H bound, and 𝑖 is the lowest value 𝐻 ⋂ 𝑆𝑖 does not have, H is a 𝐻𝑖 subgrapher, but
not a 𝐻𝑗 a sub graph with 𝑗 > 𝑖.
 𝑃(𝑣 2 𝑚) Would be the average period for partitioning and tree decomposition measurements.

Volume XII, Issue X, 2020

Page No: 547

Journal of Xi'an University of Architecture & Technology

ISSN No : 1006-7930

Proof: We select an arbitrary starting point 𝑤𝑜 , and if the vertices are distant 𝑖 from there, we let 𝐻𝑖 be the plot of
the vertex collection ⋃𝑗=𝑖 𝑖 + 𝑤 − 1.
Obviously, the 𝑆𝑖 sets are a division of H, and each vertex is in 𝐻𝑖 at its most which is shown in following diagram
the sets 𝑆𝑖 . if obviously create a break between the vertices of H and at most every vertex is w.

So the vertices for 𝑖 = 0, 𝐻𝑖 are at most 𝑘 − 1 from whence, and the first spanning tree, using the top of the lemma,
is able to detect the treet with a maximum width of 3(𝑤 − 1). In order to show that-𝐻𝑖 with 𝑖 > 0 has little treetop
space, generates a 𝐻𝑜 auxiliary graph by breaking down all vertices less than I from where into one super vertex and
removing it. Each vertical with at least 𝑖 + 𝑘 width. 𝐻𝑜, 𝑖 Dot-diagram 𝐻 minor, and so is simple. Then, the
collapse of a width that first extends 𝐻 tree gives a twin 𝐻𝑜 𝑖 tree with a depth of w at the most, such that 𝐻𝑜 𝑖 has a
tree decomposition with a width at 3W maximum, where any node of decomposition contains a supervertex
collapsed on its name is created by extracting from 𝐻𝑜, 𝑖 this supervertex so that we may shape a breakdown of
𝐻𝑖 with a width of 3𝑊 − 1 at most by taking the supervertex away from the breakdown.

V.ADDITIONAL UPGRADES
Lemma: Suppose planar diagram M is Hamiltonian or 3-linked, or linked and small, instead, 𝑀 − 𝑅 has 𝑃(ǀ𝑅ǀ)
connected components for every set of R of M vertices.
Proof:- This is easy with Hamiltonian diagrams and diagrams. For 3 linked graphs, without lack of generality,
presume that there is no edge in M connecting two vertices in R; so the flat embedding of R, induced by a single
embedding of M, has to be a different face for any aspect of 𝑀 − 𝑅.
Theorem : In planar text graph 𝐻 with n vertices in time 𝑃(𝑚𝑙 2 ), you can count the isomorphic for any 𝑉𝑙-wheel.
Proof: They list the number of period cycles in the neighbours of w for every vertex w. The complete number of
barrios in 𝐻 is 𝑃(𝑚). the treewidth of every neighborhood is 2 by Lemma 3 at most. A single line, with maximum
𝑙 − 1 vertices, which begins and terminates at two or three vertices in 𝑚(𝑂) and can or can not include the third
vertex, is possible only in a partial isomorphism in any M node of this decomposition; hence it is only appropriate to
keep line of 𝑃(𝑙) separate parametral isomorphism borders per node at each node, which is the period of 𝑃(𝑙).
Definition : This definition is designated by two mathematicians Keil and Brecht, The trouble with 𝑖 is that the full
clique can be approximated by adding a collection of vertices with the most borders necessary.
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Theorem : For any 𝐾, in time 2𝑃(𝑘 𝑙𝑜𝑔𝑘) 𝑚, we can overcome the flat 𝑘-clustering and the related 𝑘-clustering
problems.
Proof: For any possible planar graph we will clearly check sub graph isomorphism in k vertices and return subgraphs with the most edges. We describe now two connectivity apps which are linear without an exponential
dependence on an individual parameter as opposed to previous applications. The vertex connectivity of K is the least
number of vertices of which a disconnected subset is omitted. For any planar graph has a maximum grade vertex
five, the connection vertex is five at most.
We now use the Nishizeki method to turn the question of the vertex relation into a short loop, similar to the cycles
mentioned in the beginning of this segment. The latest K 'map, which has 𝑜 + 𝑔 vertices: the n vertices of 𝐾
originally and the current facial vertices associated with the faces in 𝐾, is built for any flat embedding of 𝐾. If the
vertex and the face instances are in K, we place an edge in 𝐾′ 'between an initial vertex and the nose. So 𝑘 ′ is a twoparty graph embedded in the plane and hence this is embedded in above diagram.
In this section we briefly run through any non-standard terminology we use. We also list without proof a few easy
lemmas that we shall need, and use freely, later on. For graphs we use the terminology of [10], for topology that of
Hatcher [26]. We reserve the word ‘boundary’ for homologous contexts and use ‘frontier’ for the closure of a set
minus its interior. Our use of the words ‘path’, ‘cycle’ and ‘loop’, where these terminologies conflict, is as follows.
The word path is used in both senses, according to context (such as ‘path in X’, where X was previously introduced
as a graph or as a topological space). Note that while topological paths need not be injective, graph-theoretical paths
are not allowed to repeat vertices or edges. The term cycle will be used in the topological sense only, for a (usually
1-dimensional) singular chain with zero boundary. When we do need to speak about graph-theoretic cycles (i.e.,
about finite connected graphs in which every vertex has exactly two incident edges) we shall instead refer to the
edge sets of those graphs, which we shall call circuits. Our graphs may have multiple edges but no loops. This said,
we shall from now on use the term loop topologically: for a topological path σ : [0, 1] → X with σ(0) = σ(1). This
loop is based at the point σ(0). Given any path σ : [0, 1] → X, we write σ− : s 7→ σ(1 − s) for the inverse path. An
arc in a topological space is a subspace homeomorphism to [0, 1].
Lemma ([25]). The image of a topological path with distinct endpoints x, y in a Hausdorff space X contains an arc
in X between x and y.
Proof: Suppose that F(x,t) time-injective if for every x the map t 7→ F(x,t) is either constant or injective. Let σ be a
topological path in X, with σ(a) = σ(b) =: z for some a < b, and let τ be the path obtained from σ by replacing σ π [a,
b] with the constant map [a, b] → {z}. We say that a homotopy F from σ to τ retracts σ π [a, b] to z in Y (⊆ X) if F
is relative to [0, a] ∪ [b, 1], time injective, and maps [a, b] × [0, 1] to σ ([a, b]) ⊆ Y .
All homotopies between paths that we consider are relative to the first and last point of their domain, usually {0, 1}.
We shall often construct homotopies between paths segment by segment. The following lemma enables us to
combine certain homotopies defined separately on infinitely many segments.
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Lemma ([18]). A path in |G| traverses each edge only finitely often.
Proof :A loop that is injective on [0, 1) is a circle in |G|. (In most of our references, the term circle is used for the
image of such a loop.) The set of all edges traversed by a circle is a circuit. It is easy to show that the image of a
circle is uniquely determined by its circuit C, being the closure of U C in |G|.
Let → E = → E (G) denote the set of all integer-valued functions ϕ on the set → E of all oriented edges of G that
satisfy ϕ( ←e) = −ϕ( →e) for all →e ∈ → E. This is an abelian group under pointwise addition. A family (ϕi | i ∈ I)
of elements of → E is thin if for every →e ∈ → E we have ϕi( →e) 6= 0 for only finitely many i. Then ϕ = P i∈I ϕi
is a well-defined element of → E : it maps each →e ∈ → E to the (finite) sum of those ϕi( →e) that are non-zero.
We shall call a function ϕ ∈ → E obtained in this way a thin sum of those ϕi. We can now define our oriented
version of the topological cycle space of G.
The topological cycle space C(G) can be characterized as the set of those subsets of E that meet every finite cut of G
in an even number of edges [12, 10]. The characterization has an oriented analogue:
Lemma : Let G = (V, E) be a graph and suppose that t is a non-trivial tour (closed trail) in G. Then t contains a
cycle.
Proof. The fact that t is closed implies that it contains at least one pair of repeated vertices. Therefore a closed subwalk of t must exist since t is itself has these repeated vertices. Let c be a minimal (length) closed sub-walk of t. We
will show that c must be a cycle. By way of contradiction, suppose that c is not a cycle. Then since it is closed it
must contain a repeated vertex (that is not its first vertex). If we applied our observation from Remark 3.24 we could
produce a smaller closed walk c ’, contradicting our assumption that c was minimal. Thus c must have been a cycle.
This completes the proof.
Theorem: Let G = (V, E) be a graph and suppose that t is a non-trivial tour (closed trail). Then t is composed of
edge disjoint cycles.
Proof. We will proceed by induction. In the base case, assume that t is a one edge closed tour, then G is a nonsimple graph that contains a self-loop and this is a single edge in t and thus t is a (non-simple) cycle2 . Now suppose
the theorem holds for all closed trails of length N or less. We will show the result holds for a tour of length N + 1.
Applying Lemma, we know there is at least one cycle c in t. If we reduce tour t by c to obtain t 0 , then t is still a
tour and has length at most N. We can now apply the induction hypothesis to see that this new tour t 0 is composed
of disjoint cycles. When taken with c, it is clear that t is now composed of disjoint cycles. The theorem is illustrated
in Figure 3.5. This completes the proof.
Theorem : Let G = (V, E) be a connected graph and let e ∈ E. Then G’ = G − {e} is connected if and only if e lies
on a cycle in G.
Proof. (⇐) Recall a graph G is connected if and only if for every pair of vertices v 1 and v n+1 there is a walk w from
v1 to v1 with:
w = (v1, e1, v2, . . . , vn, en, v n+1).
Let G’ = G − {e}. Suppose that e lies on a cycle c in G and choose two vertices v1 and v n+1in G. If e is not on any
walk w connecting v1 to vn+1 in G then the removal of e does not affect the reach ability of v1 and v n+1 in G’ .
Therefore assume that e is in the walk w. The fact that e is in a cycle of G implies we have vertices u 1, . . . , um and
edges f1, . . . , fm so that: c = (u1, f1, . . . , um, fm, u1) is a cycle and e is among the f1, . . . , fm. Without loss of
generality, assume that e = fm and that e = {um, u1}. (Otherwise, we can re-order the cycle to make this true.) Then
in G’ we will have the path: c ‘ = (u1, f1, . . . , um) The fact that e is in the walk w implies there are vertices v i and v
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so that e = {v i , v i+1} (with v i = u 1 and v i+1 = u m). In deleting e from G we remove the sub-walk (v i , e, v i+1)
from w. But we can create a new walk with structure:
i+1

w ‘ = (v1, e1, . . . , v i , f1, u2, . . . , u m−1, f m−1, u m, . . . , e n, v n+1).
This is illustrated in Figure:

Figure: If e lies on a cycle, then we can repair path w by going the long way around the cycle to reach
v 1.

v

n+1

from

(⇒) Suppose G’ = G − {e} is connected. Now let e = {v 1, v n+1}. Since G’ is connected, there is a walk from v 1, to,
v n+1. Applying Remark, we can reduce this walk to a path p with: p = (v 1, e1,…,, vn, en, v n+1) Since p is a path, there
are no repeated vertices in p. We can construct a cycle c containing e in G as: p = (v1 , e 1, . . . , v n, e n, v n+1, e, v1)
since e = {v1, v n+1} = {v n+1, v1}. Thus, e lies on a cycle in G. This completes the proof.
Corollary: Let G = (V, E) be a connected graph and let e ∈ E. The edge e is a cut edge if and only if e does not lie
on a cycle in G.
Remark: The next result is taken from Extremal Graph Theory, the study of extremes or bounds in properties of
graphs. There are a number of results in Extremal Graph Theory that are of interest.
Remark: There are many situations in which we’d like to measure the importance of a vertex in a graph. The
problem of measuring this quantity is usually called determining a vertex’s centrality.
Lemma: Every consistent T ∗ -avoiding orientation O of S k avoids T , as long as |G|≥k.
Proof. Suppose O has a subset σ ∈ T . We show that as long as this set is not an inclusion-minimal nested set in T ,
we can either delete one of its elements, or replace it by a smaller separation in O, so that the resulting set σ ‘ ⊆ O is
still in T but is smaller or contains fewer pairs of crossing separations. Iterating this process, we eventually arrive at
a minimal nested set in T that is still a subset of O. By its minimality, this set is an antichain (compare the definition
of T), and all consistent nested antichains are stars.9 Our subset of O will thus lie in T ∗ , contradicting our
assumption that O avoids T ∗ .
If σ has two comparable elements, we delete the smaller one and retain a subset of O in T . We now assume that σ is
an antichain, but that it contains two crossing separations, → r = (A,B) and →s = (C,D) say. As these and their
inverses lie in S~ k, sub-modularity implies that one of the separations (A ∩ D,B ∪C) ≤ (A,B) and (B ∩ C,A ∪ D) ≤
(C,D) also lies in S~ k. Let us assume the former; the other case is analogous.
Theorem : Suppose G = (V, E) and G0 = (V ’ , E’ ) are graphs with G ∼= G’ with f : V → V ’ the graph
isomorphism between the graphs. Further suppose that the degree sequence of G is d and the degree sequence of G’
is d ‘. Then:
(1) |V | = |V ’| and |E| = |E ‘ |,
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(2) For all v ∈ V, deg(v) = deg(f(v))
(3) d = d ’ ,
(4) For all v ∈ V, ecc(v) = ecc(f(v))
(5) ω(G) = ω(G’ ) (recall ω(G) is the clique number of G),
(6) α(G) = α(G’ ) (recall α(G) is the independence number of G),
(7) c(G) = c(G’ ) (recall c(G) is the number of components of G),
(8) diam(G) = diam(G’ ),
(9) rad(G) = rad(G’ )
(10) The girth of G is equal to the girth of G’ ,
(11) The circumference of G is equal to the circumference of G ’.
Remark : Isomorphism is really just a way of renaming vertices; we assume that the vertices in graph G are named
from the set V , while the vertices in the set G ’. are named from the set V ‘ . If the graphs are identical except for
the names we give the vertices (and thus the names that appear in the edges), then the graphs are isomorphic and all
structural properties are preserved as a result of this.
Example: Given two graphs G and G ’. , we can see through example that the degree sequence does not uniquely
specify the graph G and thus if G and G0 have degree sequences d and d 0 it is necessary that d = d 0 when G ∼=
G ’.but not sufficient to establish isomorphism. To see this, consider the graphs shown in Figure It’s clear that d =
(2, 2, 2, 2, 2, 2) = d ’.

Two graphs that have identical degree sequences, but are not isomorphic, but these graphs
cannot be isomorphic, since they have different numbers of components. The same is true with the other graph
properties. The equality between a property of G and that same property for G0 is a necessary criterion for the
isomorphism of G and G’, but not sufficient.
Lemma: For every integer k ≥ 3,
tree over T ∗ .
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Theorem: (Tangle-tree duality theorem for graphs, extended). The following assertions are equivalent for all finite
graphs G ≠ ∅ and 0< k≤|G|:
(i) G has a tangle of order k.
(ii) G has a T -tangle of S k.
(iii) G has a T ∗ -tangle of Sk.
(iv) G has no S k-tree over T ∗ .
(v) G has branch-width at least k, or k = 1 and G has no edge, or k = 2 and G is a disjoint union of stars and isolated
vertices and has at least one edge.
Proof. If k = 1, then all statements are true. If k = 2, they are all true if G has an edge, and all false if not. Assume
now that k ≥3.
(i)↔(ii) follows from the definition of a tangle at the start of this section, and our observation that they are
consistent.
(ii)→ (iii) is trivial; the converse is Lemma.
(iii)↔ (iv) is an application of Theorem.
(iv)↔ (v) is Lemma 4.3. The exceptions in (v) for k≤2 are due to a quirk in the notion of branch width, which results
from its emphasis on separating individual edges. The branch-width of all nontrivial trees other than stars is 2, but it
is 1 for stars K 1,n. For a clean duality theorem (even one just in the context of [20]) it should be 2 also for stars:
every graph with at least one edge has a tangle of order 2, because we can orient all separations in S2 towards a
fixed edge. Similarly, the branch-width of a disjoint union of edges is 0, but its tangle number is 2.
Lemma : Every consistent F ∗ -avoiding orientation of S k avoids F, as long as |V |≥k.
Theorem :(Tangle-tree duality theorem for set separations). Given a universe U~ of separations of a set V with a
sub-modular order function, and k≤|V |, the following assertions are equivalent:
(i) U~ has a tangle of order k.
(ii) U~ has an F ∗ -tangle of Sk.
(iii) U~ has no S~ k-tree over F ∗.
Proof: Applying Theorem proofs with the appropriate order functions yields duality theorems for all known width
parameters based on set separations. For example, let V be the vertex set of a graph G, with bipartitions as
separations. Counting the edges across a bipartition defines an order function whose F-tangles are known as the
edge-tangles of G, so Theorem proofs yields a duality theorem for these. See Liu [16] for more on edge-tangles, as
well as their applications to immersion problems.
The duals to edge-tangles of order k are Sk-trees over F ∗. These were introduced by Seymour and Thomas [22] as
carvings. The least k such that G has a carving is its carving-width. We thus have a duality theorem between edgetangles and carving-width.
Taking as the order of a vertex bipartition the rank of the adjacency matrix of the bipartite graph that this partition
induces (which is sub-modular [18]) gives rise to a width parameter called rank-width. In our terminology, G has
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rank-width < k if and only if it admits an S k-tree over F ∗. The corresponding F-tangles of Sk, then, are necessary and
sufficient witnesses for having rank-width ≥k, and we have a duality theorem for rank-width.
If V is the vertex set of a hyper graph or the ground set of a matroid, the F-tangles coincide, just as for graphs, with
the hyper graph tangles of [20] or the matroid tangles of [13]. As in the proof of Lemma 4.3, a hyper graph or
matroid has branch-width < k if and only if it has an S k-tree over F ∗. Theorem proofs thus yields the original duality
theorems of [20] and [13] in this case.
Our tangle-tree duality theorem for set separations can also be applied in contexts quite different from graphs and
matroids. As soon as a set comes with a natural type of set separation – for example, bipartitions – and a (submodular) order function on these, it is natural to think of the tangles in this separation universe as clusters in that set.
Theorem proofs then applies to these clusters: if there is no cluster of some given order, then this is witnessed by a
nested set of separations which cut the given set, recursively, into small pieces.
The interpretation is that the separations to be oriented have small enough order that they cannot cut right through a
cluster. So if there exists a cluster, it can be thought of as orienting all these separations towards it. If not, the nested
subset of the separations returned by the theorem divides the ground set into pieces too small to accommodate a
cluster. This tree set of separations, therefore, will be an easily checkable witness for the non-existence of a cluster.
Even if we base our cluster analysis just on bipartitions, we still need to define an order function to make this work.
This will depend both on the type of data that our set represents and on the envisaged type of clustering. In [12]
there are some examples of how this might be done for a set of pixels of an image, where the clusters to be captured
are the natural regions of this image such as a nose, or a cheek, in a portrait of the Mona Lisa. The corresponding
duality theorem then reads as follows.
Corollary ([12]). For every picture π on a canvas and every integer k > 0, either π has a non-trivial region of
coherence at least k, or there exists a laminar set of lines of order < k all whose splitting stars are void 3-stars or
single pixels. For no picture do both of these happen at once.
Theorem : Let r ≥ 3 be given. There is a positive constant such that if p ≤ n −2/r+∈ then, for some π ≈ p ( r 2) , we
may couple G = G n,p and the random r-uniform hypergraph H = H n,π;r such that w.h.p. to every edge e of H there is
a corresponding copy of Kr in G with V (Kr) = e.
Proof: We will also need the following theorem from Dudek, Frieze, Loh and Speiss [2], which removed some
divisibility constraints from [1], [5]. A loose Hamilton cycle C in an r-uniform hypergraph H = (V, E) of order n is a
collection of edges of H such that for some cyclic ordering of V , every edge consists of r consecutive vertices, and
for every pair of consecutive edges E i−1, E i in C (in the natural ordering of the edges), we have |E i−1 ∩ E i | = 1.

VI.TANGLE DUALITY FOR TREE-WIDTH IN GRAPHS
We now apply our abstract duality theorem to obtain a new duality theorem for tree-width in graphs. Its witnesses
for large tree-width will be orientations of Sk, like tangles, and thus different from brambles (or ‘screens’), the dual
objects in the classical tree-width duality theorem of Seymour and Thomas [21].
This latter theorem, which ours easily implies, says that a finite graph either has a tree-decomposition of width less
than k−1 or a bramble of orders at least k, but not both. The original proof of this theorem is as mysterious as the
result is beautiful. The shortest known proof is given in [5] (where we refer the reader also for definitions), but it is
hardly less mysterious. A more natural, if slightly longer, proof due to Mazoit is presented in [6]. The proof via our
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abstract duality theorem, as outlined below, is perhaps not shorter all told, but it seems to be the simplest available
so far.
Finding, Conclusion and Accessible Assumptions:For any period 𝑃(𝑀) pattern we have seen how to overcome planar subgraphic isomorphism. In identical time
frames, we have discussed several relevant problems. Several generalizations remain available for the problem:





We showed that also for disconnected patterns in time 𝑃(𝑚) we could overcome planar subset
isomorphism. Could we mention all disconnected sequence occurrences in 𝑃(𝑚 + 𝑙) time?
Keil and Brecht describe an algorithm that separates the smallest edge set into two vertices of different
dimensions while their algorithm has a minimal duration, and their algorithm a cubic period is restricted.
Could we use our resources to find a performance faster?
It seems feasible to increase the reliability of the pattern from 2𝑃(𝑘𝑙𝑜𝑔𝑘) to 2𝑃(𝑣) however; the newly
discovered randomized coloring technique could only boost the decision of sub-graph isomorphism. May
we boost the numbering and classification of the subgraph isomorphism question in a similar way?
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