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Abstract
Image recognition tasks use different approaches when it is necessary to restore the distribution function of
a continuous random quantity under the condition of limiting the law of distribution. Similar situations occur when
the image is noisy and there is a small sample of observations. The article discusses non-parametric methods of
restoring the distribution function in recognition tasks.
Key words: image, nonparametric methods, small sampling, image recognition, random quantity
distribution function.
I.

INTRODUCTION

In the problems of image recognition in the
conditions of small samples of observations and with
uneven distribution, the presence of interference or
noise, they face problems of eliminating interference
and maximum recognition of image objects. The main
indicators are the stability of recognition algorithms in
the presence of applicative interference (image noise
due to object shadowing, the presence of affected areas),
when there is a small sample of observations and a
priori data are not available, when applying the Laplace
principle is difficult or impossible. For example, in
(Duda et al.1976; Mokeev et al. 2013; Lapko et al.
1999), the problems of applying approaches to
overcoming the problem of a small number of samples
were considered using the methods of reducing
dimensionality
and
adaptive
nonparametric
identification algorithms, and discriminant analysis
methods (Mokeev et al. 2013; Lapko et al. 1999).
For example, in the works [1-3] the issues of
application of approaches to overcoming the problem of
small number of samples using methods of dimension
reduction and adaptive algorithms of nonparametric
identification are considered.
In such tasks, object recognition is an integral part of
the image processing process. The result of solving the
recognition problem in this situation is not only the
class of the found object, but also its position. The
uncertainty of the characteristics of objects makes the
task of recognition in mathematical and computational
terms extremely complex and time-consuming.
Problems are compounded by a high degree of image
distortion. With the purpose of reducing the dimension
and as one of the methods of determining the
characteristics, the measured intensity of grey color for
each pixel is used (value 0 - corresponds to black, 255 to white) [4].
Typically, the analysis object is a rectangular image
that is converted into a vector of gray intensity values
by line-by-line scanning the original image. This image
presentation method has the disadvantages of
redundancy and bulkiness. However, the use of
parametric techniques, i.e., recognition/recovery using

the characteristics of individual pixels, is the most
complete, taking into account all available data, which
is especially important in the initial development of
image processing techniques.
The purpose of this work is to compare "window,"
nonparametric methods in image recognition tasks
under conditions of small observation samples.
II.
STATEMENT OF THE PROBLEM
One approach in image recovery is the Bayesian
approach in building a complex method of image
recovery when the statistical properties of image classes
where the class is the image of an individual object are
considered to be given. Based on this approach, it is
possible to build a classification rule that is optimal, in
the sense that its use provides, on average, the least loss
in making classification errors. Due to the specifics of
the case in question (classes of image objects have
different sizes, there is a small sample), we use an
estimate of the parameters of the Bayesian type [4,5]. It
is assumed that a class set exists 𝜔𝑗 , j=1,2,…,M,
distribution of a priori probability for each class of
vectors of p(ωj) depends on a vector of parameters c,
distribution density of intensity of pixels of
𝑝(𝑥(𝐴𝑗 )|𝜔𝑗 )in the
𝐴𝑗 area, are distributed
independently. An imaging function that specifies the
probability distribution of 𝜔𝑗 images with hidden
variable data p( 𝜔𝑗 | x) .
𝑝(𝑥|𝜔𝑗 )𝑝(𝜔𝑗 )
𝑝(𝑥)

𝑝(𝑥𝑛 , 𝜔𝑛 ).
(1)
The model of a particular image is a set of values of
these hidden variables, the posteriori probabilities of
which can be estimated by the Bayes rule [4], in this
case taking the form
𝑝(𝑥|𝜔𝑗 )~𝑝( 𝜔𝑗 , | 𝑥) 𝑝(𝑥)
(2)
The simplest model where the luminance of
individual pixels are distributed according to the same
normal law characterized by two parameters a (mean)
and ς (variance)

𝑝(𝜔𝑗 |(𝑎, 𝜍)) = ∏𝑥∈Ω 𝑝(𝜔𝑗 (𝑥)|(𝑎, 𝜍)) = ∐𝑥∈Ω
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, 𝑝(𝑥, 𝜔) = 𝑝(𝑥1 , 𝜔1 ) × ⋯ ×
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An image model is represented as a sequence of
pixels with different shades of gray. Each of the
shades is connected with each other, the image is
formed sequentially, is also restored sequentially.
𝑝(𝑥|𝑥𝑗 )𝑝(𝑥𝑗 )
𝑝(𝑥)

=

𝑝(𝑥|𝐴𝑗 )𝑝(𝑥(

𝐴
)|𝑥𝑗 )𝑝(𝑥𝑗 )
𝐴𝑗

𝐴
𝑝(𝑥(𝐴𝑗 ))𝑝(𝑥( ))
𝐴𝑗

The distribution function of a random variable
associated with the distribution density allows you to
find the desired parameter values for each pixel of the
region Aij of the image row j:
𝐴
))𝑝(𝑥𝑗 )
𝐴𝑗

𝑝(𝑥(𝐴𝑗 |𝑥𝑗 )𝑝(𝑥(

=

𝐴
𝑝(𝑥(𝐴𝑗 ))𝑝(𝑥( ))
𝐴𝑗

𝐴𝑗 is the image area of a separate image element
(row) 𝑐 𝑖 with a pixel intensity distribution density
𝑝(𝑥(𝐴)) of a certain region A.
The image in the region 𝐴𝑗 is formed from
elements of objects or as a union 𝐴𝑖1 , … , 𝐴𝑖𝑘 , where
𝐴𝑖1 , … , 𝐴𝑖𝑘 , but 𝐴𝑗 ⊆ ⋃𝑘𝑙=1 𝐴𝑖𝑙 , while the number of
unions is equal to the number of sets (𝑖1 , … , 𝑖𝑘 ). The
probability of occurrence of the union 𝐴𝑖1 , … , 𝐴𝑖𝑘 is
∏𝑘𝑙=1 𝑝𝑖𝑙
equal to
(4’)
𝑟𝑗

𝑝 (𝑥(𝐴𝑗 )) = ∑𝑙=1 𝑝𝑙 (2𝜋)−𝑛(𝐴𝑗 /2 |𝐶𝑙 |−1/2 𝑒𝑥𝑝 {−
rj-is the number of different associations of image
elements of the region 𝐴𝑗 ; pl - probability of
occurrence of a union (4 ’); al, Cl are the moments of
the normal distribution of the union. The Bayesian
rule allows you to choose an image model based on
the posterior probability 𝑝(𝑥|𝑥𝑗 ) through the a priori
probability p(x). Thus, this allows the analysis of
images, identifying changes and constructing velocity
fields from a series of images (for example, a video
sequence). Window (nuclear or mask) smoothing
methods for analyzing large volumes, for estimating
data distributions in the presence of a number of
interference, allow smoothing and finding the
distribution density of random variables when the
distribution density is unknown and there is no a
priori information about its parametric form. Under
these conditions, it is possible to restore the function
p(x) by nonparametric methods: histograms, nearest
neighbors, and the Parzen – Rosenblatt
approximations.
III.
PARZEN-ROSENBLATT
DISTRIBUTION DENSITY RECONSTRUCTION
The distribution density calculated using
window (nuclear) functions is described by
expression (6) of the form
𝑝̂ (𝑥) =
1
𝑥−𝑥
𝑛
∑ 𝐾 ( 𝑖),
𝑛ℎ 𝑖=1
ℎ
(7)
where n – sample size; K is the nuclear
(window) function; h is the window width; x is a
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=

𝑝(𝑥(𝐴𝑗 )|𝑥𝑗 )𝑝(𝑥𝑗 )

(4)

𝑝(𝑥(𝐴𝑗 )

Normal

distribution

𝑝(𝑥 (𝐴𝑖 ⋂ ⋃𝑘𝑙=1 𝐴𝑖𝑗 ))

density

is

with moments of distributions

𝑝(𝑥(𝐴𝑖𝑙 )|𝜔𝑖𝑙 .
If in the region ⋃𝑘𝑙=1 𝐴𝑖𝑙 there is no part of image
or image object, then the density of the normal
distribution, taking into account (4), has the form [4]:
𝑝 (𝑥(𝐴𝑗 )) = ∫ 𝑝(𝑥|𝜔𝑗 ) 𝑝(𝜔|𝑥1 … 𝑥𝑗 ) (5)

(𝑥−𝑎𝑙 )𝑇 𝐶𝑙−1 (𝑥−𝑎𝑙 )

},

2

(6)

random sample; xi is the i-th implementation of a
random variable.
In the multidimensional case, the density
estimate, taking into account (4) and (4 ’)
𝑗

1

1

𝑥 𝑗 −𝑥𝑖

𝑛

ℎ

ℎ𝑗

𝑝̂ (𝑥) = ∑𝑛𝑖=1 ∏𝑚
𝑗=1

𝑗𝐾(

),

(8)

where m – space size, kernel - a function used to
restore the distribution density, a continuous bounded
function with a unit integral
(9)
∫ 𝐾 (𝑦)𝑑𝑦 = 1,
∫ 𝑦 𝐾 (𝑦)𝑑𝑦 = 0,
∫ 𝑦 𝑖 𝐾 (𝑦)𝑑𝑦 = 𝑘𝑖 (𝐾) < ∞.
Function
(9)
with
properties
𝐾(𝑦) ≥
0, 𝑖𝑠 𝐾(𝑦) = 𝐾(−𝑦). The kernel is a non-negative
bounded symmetric real function whose integral is
equal to unity, the statistical moments must be
infinite. The order ν of function (9) is equal to the
order of the first moment, which is not equal to zero.
If 𝑘1 (𝐾) = 0 and 𝑘2 (𝐾) > 0, then K is a secondorder kernel (ν = 2).
Known nuclear functions of the second order
(Fig. 1):
3
- Epanechnikov kernel 𝐾(𝑦) = (1 − 𝑦 2 );
- Gauss kernel 𝐾(𝑦) =

1

4

√2𝜋
1 −|𝑦|

- Laplass kernel 𝐾(𝑦) = 𝑒
2
1

2

𝑒 −0.5𝑦 ;
;

- uniform kernel 𝐾(𝑦) = , |𝑦| ≤ 1;
2
- triangular kernel 𝐾(𝑦) = 1 − |𝑦|, |𝑦| ≤ 1
- biquadratic kernel 𝑘(𝑦) =

3(1−𝑦 2 )
4

, |𝑦| ≤ 1
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Fig. 1 Examples of various kernel functions
The optimal values of the nuclear function and
Using the Parzen-Rosenblatt method, an
parameter h are found from the condition that the
approximation of the distribution function of a
random sequence with a limited scattering region was
functional 𝐽 = ∫ 𝑙𝑛 𝐾(𝑦) ∙ 𝐾(𝑦)𝑑𝑦 reaches the
constructed
maximum value.
𝑥
Or in other words: to restore the empirical
𝐹(𝑥; 𝑥0 , 𝜎, 𝑙) = ∫𝑥 𝑓 (𝜉; 𝑥0 , 𝜎, 𝑙)𝑑𝜉,
(11)
𝑚𝑖𝑛
distribution density using the Parzen-Rosenblatt
where 𝑓𝑙𝑖𝑚 (𝑥; 𝑥0 , 𝜎, 𝑙) = 𝐾[𝜙(𝑥; 𝑥0 , 𝜎, 𝑙) +
window, the unknown parameter is the window width
±
±
∞
∞
∑
𝑛=0 𝜙2𝑛+1 (𝑥; 𝑥0 , 𝜎, 𝑙) + ∑𝑛=1 𝜙2𝑛 (𝑥; 𝑥0 , 𝜎, 𝑙)],
h in expression (7). Therefore, to determine the
𝑥0 - the position of the scattering center in the
empirical density, it is necessary to solve the problem
coordinate
system with the origin in the center of the
of finding the window width, so as to find the optimal
[𝑥
segment
𝑚𝑖𝑛 , 𝑥𝑚𝑎𝑥 ],
ℎ𝑜𝑝𝑡 . Finding the optimal window size is made from

standard
deviation (SD) of a random
the condition
function in the absence of restrictions,
1/5
𝑅(𝐾)
( 4
) 𝑛1/5 − ℎ𝑜𝑝𝑡 = 0.
𝑙 = 𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛 – span scatter,
𝑘2 (𝐾)𝑆𝐷 (𝑎(ℎ𝑜𝑝𝑡 ))
𝐾− normalization coefficient [9],
(10)
±
±
𝑥2𝑛+1
, 𝑥2𝑛
determined by the formulas:
The Parzen – Rosenblatt method allows one to
±
±
𝑥
=
±4𝑛𝑙
+ 𝑥0 , 𝑥2𝑛+1
= ±(4𝑛 + 2)𝑙 − 𝑥0 ,
construct an approximation of the distribution
2𝑛
When
analyzing
the
quality of the
function of any finite random sequence, which,
approximation
of
the
distribution
function of a
provided the parameter h is optimized, turns out to be
random sequence by the Parzen-Roseblatt method
quite smooth [7,8].
and the k – nearest neighbors (k-NN) method in the
The search for the optimal window width can be
scattering region [-5; 5], with the standard deviation
carried out by other methods. The accuracy of the
of the random variable  = [1,3,5,7,10], the results
restored dependence depends little on the choice of
were obtained shown in table 1 and 2. Graphs of
the kernel. The kernel determines the degree of
convergence are shown in Fig. 2 and 3.
smoothness of the function.
IV.

RESEARCH METHODOLOGY
Table 1. The error of the estimation of the distribution function by the Parzen-Rosenblatt method
Diapazon

SD
1
3
5
7
10
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-5
0,001432
0,000227
0,000279
0,0002
0,000143

-3
0,00078
0,00023
0,00022
0,000181
0,000138

0
0,0001389
0,00008821
0,0001638
0,0001298
0,0001379

3
0,00079
0,000398
0,00018
0,000125
0,000161

5
0,001428
0,000553
0,000201
0,000152
0,000147
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0.003
0.0025
0.002
0.0015
0.001
0.0005
0

0

1

2

3

4

5

Fig. 2. Restoration of the distribution density function by the Parzen – Rosenblatt method
Table 2. Error of estimation of distribution function by k – nearest neighbors method
Diapazon
SD
-5
-3
0
3
5
1
0,0006412 0,00004523 0,00001498 0,00004267
0,0001125
3 0,00007934 0,00005424 0,00002274 0,00005917
0,00009254
5 0,00002315 0,00002884 0,00004868 0,00005254
0,00004132
7 0,00003157 0,00005793 0,00002141 0,00006232
0,00006778
10 0,00005682
0,0006147 0,00002798 0,00001356
0,00001067

0.0009
0.0008
0.0007
SD 10

0.0006
0.0005

SD 7

0.0004

SD 5

0.0003

SD 3

0.0002

SD 1

0.0001
0
-5

-3

0

3

5

Fig. 3. Recovery of the density function by the method of k-NN
The use of the approximation of the distribution
instability to errors. In this case, it becomes necessary
function of a random variable by the methods of
to impose conditions on the distribution
Parzen - Rosenblatt and k – NN method with
density𝑝𝑦,ℎ (𝑥), the function and the width of the
different nuclear functions showed the relative
window. Accordingly, the amount of data [2] in the
proximity of the approximating function and the true
image set is growing. However, a similar problem
distribution function. In the literature [10-12], there
can be solved by methods of reducing the dimension
are a number of works with analytical data on the
or by methods of discriminant analysis [2,14,15].
issue of comparing the Parzen – Rosenblatt method
Moreover, to reduce the volume of the data set, an
with imaginary sources, histograms
external image database is used. Then the task of
constructing a classifier [16-18] is greatly simplified,
V. CONCLUSION
and the problem with a minimum sample and the
least number of standards is reduced to a problem
In this paper, the nonparametric Parzen –
with a minimum sample.
Rosenblatt and k – NN methods were considered. For
The Parzen – Rosenblatt method showed good
a small sample size, the matrix of two-dimensional
convergence or, if the value of the blurriness
distribution parameters becomes singular, and for
parameter h is chosen correctly, guarantees smooth
small window widths this method reduces to the kestimates of the distribution function.
NN method [13], which has its own characteristics
such as dependence on the selected step and
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