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ABSTRACT:In [5]Kleinfeldstudied that for an accessible ring every commutator is in the nucleus and associator commutes
with every element of R. Using these properties in this paper we prove that if R is a Prime Accessible ring with
Weakly Novikov identity such that TN where TK=(((....((R,R),R)…,R),R),R) then the ring is associative or T=0. Next
we prove that for Semiprime accessible ring with Weakly Novikov identity such that TN and (t,(R,R,R))=0,then R is
associative or T=0. Also we prove that if R is a prime accessible ring with Novikov identity such that [[R,R],R] is
contained in nuclei, then R is associative or [[R,R],R]=0.
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1. INTRODUCTION
Throughout this paper we consider accessible rings with Weakly Novikov identity
(𝑤, 𝑥, 𝑦𝑧) = 𝑦(𝑤, 𝑥, 𝑧)

(1)

For any ring 𝑅, let 𝑇𝐾 = (((. . . . ((𝑅, 𝑅), 𝑅) … , 𝑅), 𝑅), 𝑅) where 𝑘 is a +ve integer.
From the above we have 𝑇2 = (𝑅, 𝑅)𝑎𝑛𝑑 𝑇3 = ((𝑅, 𝑅), 𝑅) also (𝑅, 𝑇𝐾 ) = ( 𝑇𝐾 , 𝑅) 𝑇𝐾 .
Obviously we have following identity
𝑇𝐾 + 𝑇𝐾 𝑅 = 𝑇𝐾 + 𝑅 𝑇𝐾

(2)

In any ring 𝑅, we have
(𝑥, 𝑦, 𝑧) + (𝑦, 𝑧, 𝑥) + (𝑧, 𝑥, 𝑦) = (𝑥𝑦, 𝑧) + (𝑦𝑧, 𝑥) + (𝑧𝑥, 𝑦)

(3)

and Teichmuller identity
(𝑤𝑥, 𝑦, 𝑧) − (𝑤, 𝑥𝑦, 𝑧) + 𝑤, 𝑥, 𝑦𝑧) = 𝑤(𝑥, 𝑦, 𝑧) + (𝑤, 𝑥, 𝑦)𝑧

(4)

As a consequence of (4) we have𝑁is associative sub ring of 𝑅.
Suppose that 𝑤 = 𝑛 ∈ 𝑁 in (4) we have
(𝑛𝑥, 𝑦, 𝑧) = 𝑛(𝑥, 𝑦, 𝑧)

(5)

for all 𝑥, 𝑦, 𝑧 ∈ 𝑅and 𝑛 ∈ 𝑁.
Suppose that 𝑧 = 𝑚 ∈ 𝑁,in (4) we have
(𝑤, 𝑥, 𝑦𝑚) = (𝑤, 𝑥, 𝑦)𝑚

(6)

for all 𝑤, 𝑥, 𝑦 ∈ 𝑅and𝑚 ∈ 𝑁.
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Suppose that𝑥 = 𝑗 ∈ 𝑁 in (4) we obtain
(𝑤𝑗, 𝑦, 𝑧) = (𝑤, 𝑗𝑦, 𝑧)

(7)

LEMMA 1: If 𝑅 is an accessible ring with weakly Novikov identity, then 𝑅𝑁 ⊆ 𝑁and
𝐼. 𝑁 = (𝑅, 𝑅, 𝑅). 𝑁 = 0.
PROOF: Let 𝑧 ∈ 𝑁and 𝑤, 𝑥, 𝑦 ∈ 𝑅, Using (6) and (1) we have
(𝑤, 𝑥, 𝑦)𝑧 = (𝑤, 𝑥, 𝑦𝑧)
= 𝑦 (𝑤, 𝑥, 𝑧)
=𝑜
Thus 𝐼. 𝑁 = (𝑅, 𝑅, 𝑅). 𝑁 = 0, and 𝑅𝑁 ⊆ 𝑁.
For any ring 𝑅, let 𝑉𝑘 = 𝑇𝑘 + 𝑅 𝑇𝑘 for all +ve integers 𝑘. In the sequel, for the convenience we denote 𝑇𝑘 and
𝑉𝑘 by 𝑇 and 𝑉 respectively.
LEMMA 2: If 𝑅 is an accessible ring with weakly Novikov identity such that 𝑇 is contained in the nuclei,
then𝑉 is an ideal.
PROOF: From (2) we have 𝑉 = 𝑇 + 𝑇𝑅 = 𝑇 + 𝑅𝑇
Since 𝑇 is contained in the nuclei, we have 𝑇𝑅 ⊂ 𝑉 and 𝑅𝑇 ⊂ 𝑉.
If 𝑇 is in the nucleus, then 𝑇 + 𝑇𝑅 is in the ideal.
i.e.𝑉𝑅 = 𝑇𝑅 + 𝑇𝑅2 ⊂ 𝑉, 𝑅𝑉 = 𝑅𝑇 + 𝑅2 𝑇 ⊂ 𝑉.
and𝑉 + 𝑅𝑉 = 𝑉 + 𝑉𝑅
Since of 𝑅𝑉 = 𝑅(𝑇 + 𝑇𝑅) = 𝑅𝑇 + 𝑅𝑇. 𝑅 ⊂ 𝑉 + 𝑉𝑅.
And 𝑉𝑅 = (𝑇 + 𝑅𝑇)𝑅
= 𝑇𝑅 + 𝑅. 𝑇𝑅 𝑉 + 𝑅𝑉.
So 𝑉 is an ideal.
2. MAIN RESULTS
THEOREM 1: If 𝑅 is a prime accessible ring with weakly Novikov identity such that 𝑇 ⊆ 𝑁, then 𝑅 is
associative or𝑇 = 0.
PROOF: Using 𝑇 ⊆ 𝑁and lemma (1) we get
𝐼. 𝑉 = 𝐼. (𝑇 + 𝑇𝑅) = 0

(8)

By lemma (2) and the primenessofR, (8) implies I=0or 𝑉 = 0.
Thus, 𝑅 is associative or 𝑇 = 0.
LEMMA 3: If 𝑅 is an accessible ring with weakly Novikov identity such that 𝑇 ⊆ 𝑁then (𝑅, 𝑅, 𝑇)𝑅 = 0.
PROOF: We have (𝑅, 𝑇) = (𝑇, 𝑅) ⊆ 𝑇.
Using this, hypothesis, (4),(1),(7) and (5) for all 𝑦 ∈ 𝑇, and 𝑤, , 𝑥, 𝑧 ∈ 𝑅 we have
(𝑤, 𝑥, 𝑦)𝑧 = 𝑤(𝑥, 𝑦, 𝑧) + (𝑤, 𝑥, 𝑦)𝑧
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= (𝑤𝑥, 𝑦, 𝑧) − (𝑤, 𝑥𝑦, 𝑧) + (𝑤, 𝑥, 𝑦𝑧)
= −(𝑤, (𝑥, 𝑦), 𝑧) − (𝑤, 𝑦𝑥, 𝑧) + 𝑦(𝑤, 𝑥, 𝑧)
= −(𝑤𝑦, 𝑥, 𝑧) + 𝑦(𝑤, 𝑥, 𝑧)
= −((𝑤, 𝑦), 𝑥, 𝑧) − (𝑦𝑤, 𝑥, 𝑧) + 𝑦(𝑤, 𝑥, 𝑧)
= 0.
hence we get (𝑅, 𝑅, 𝑇)𝑅 = 0.

(9)

This completes the proof of lemma.
THEOREM 2: Let 𝑅 is a prime accessible ring with weakly Novikov identity such that 𝑇 ⊆ 𝑁 and
(𝑇, (𝑅, 𝑅, 𝑅)) = 0, then 𝑅 is associative or 𝑇 = 0.
PROOF: In accessible ring we have 𝐽(𝑥, 𝑦, 𝑧) ∈ 𝑁 for all 𝑥, 𝑦, 𝑧 ∈ 𝑅.
Using this, (3) and the hypothesis, for all 𝑥 ∈ 𝑇 and 𝑦, 𝑧 ∈ 𝑅 we get
(𝑦, 𝑧, 𝑥) = (𝑥, 𝑦, 𝑧) + (𝑦, 𝑧, 𝑥) + (𝑧, 𝑥, 𝑦)
= 𝐽(𝑥, 𝑦, 𝑧) ∈ 𝑁.
Thus (𝑅, 𝑅, 𝑇) ⊆ 𝑁.
Applying this, and (1),(9) we have
(𝑅, 𝑅, 𝑅𝑇)𝑅 = 𝑅(𝑅, 𝑅, 𝑇). 𝑅
= 𝑅. (𝑅, 𝑅, 𝑇)𝑅
= 0.
Combining the above equation with (9) we have
(𝑅, 𝑅, 𝑉)𝑅 = 0

(10)

Assume that (𝑇, (𝑅, 𝑅, 𝑅)) = 0.
Using this, (1),(9) and (4) and noting that (𝑇, 𝑅) ⊆ 𝑇 for all 𝑤, 𝑥, 𝑦 𝑖𝑛 𝑅and 𝑧 𝑖𝑛 𝑇 .
We have (𝑤, 𝑥, 𝑦)𝑧. 𝑡 = 𝑧(𝑤, 𝑥, 𝑦). 𝑡
= (𝑤, 𝑥, 𝑧𝑦)𝑡
= (𝑤, 𝑥, (𝑧, 𝑦)) 𝑡 + (𝑤, 𝑥, 𝑦𝑧) 𝑡
= 𝑤(𝑥, 𝑦, 𝑧). 𝑡 + (𝑤, 𝑥, 𝑦)𝑧. 𝑡 + (𝑤, 𝑥𝑦, 𝑧). 𝑡 − (𝑤𝑥, 𝑦, 𝑧)𝑡
= 𝑤(𝑥, 𝑦, 𝑧). 𝑡 + (𝑤, 𝑥, 𝑦)𝑧. 𝑡
And (𝑥, 𝑦, 𝑤𝑧)𝑡 = 𝑤(𝑥, 𝑦, 𝑧). 𝑡 = 0.

(11)

Combining this with (9) we also obtain (10).
Using (1) and (10) we see that < (𝑅, 𝑅, 𝑇) > = (𝑅, 𝑅, 𝑉).
By the semiprimeness of 𝑅, (10) implies (𝑅, 𝑅, 𝑉) = 0.
By theorem (1), 𝑅 is associative or 𝑇 = 0.
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THEOREM 3: If 𝑅 is a prime accessible ring with weakly Novikov identity, then 𝑅 is associative or
commutative. In later case, 𝑁 = 0or𝑅 is associative.
PROOF: In view of theorem (1), we may assume that (𝑅, 𝑅) ⊆ 𝑁.
Let𝐵 = (𝐵, 𝑅) + 𝑅(𝑅, 𝑅).
By lemma (2) that 𝐵 is an ideal of 𝑅.
Using lemma (3) we get (R,R,(R,R))R =0.
Let x(R,R), then we get (y,z,x) N.
Thus we obtain (R,R,(R,R)) N.
Using this and (11) we obtain
R(R,R,(R,R)).R= R.(R,R,(R,R))R =0.
Hence applying this, (1) and (11), and noting that B is an ideal of R, we obtain that
(R,R,B).R=0 and <(R,R,(R,R))>=(R,R,B).
Thus, by semiprimeness of R we get (R,R,B)=0 and so (R,R)N.
By theorem (1), R is associative or commutative.
Assume that R is commutative.
Thus we have N R=RN  Nand I. N= 0 (By lemma (1)).
Hence N is an ideal of R.
By the primeness of R, I. N = 0 implies I=0 or N= 0.
i.e. N = 0 or R is associative.
In the sequel, for convenience we denote v3by D.
LEMMA 4: If R is accessible ring with Weakly Novikov identity such that [[R,R],R]  N, then
<(R,R,D>.(R,R,R)=0. where <(R,R,D)> = (R, R, ,D)+(R,R,D)R+ R(R,R,D).
PROOF: Let D = [[R,R],R]+R[[R,R],R] and [[R,R],R]N.
By lemma (3), we obtain
(R,R,[[R,R],R])R=0

(12)

Thus (12) implies
(R,R,[[R,R],R])N

(13)

Assume that y[[R,R],R] and w,x,y,z,u,v,tR.
Using (12), the hypothesis and (3) we have
z(w,x,y) = [z,(w,x,y)]=[z, J(w,x,y)] [[R,R], R] N
and so by (1) twice we get
(w,x,[z,y])+y(w,x,z)=(w,x,[z,y])+(w,x,yz)
=(w,x,zy)
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=z(w,x,y)N
Applying these, (1) and (13) we obtain
(R,R, R[[R,R],R])=R (R,R, [[R,R],R]) N

(14)

[[R,R],R]A = [[R,R],R](R,R,R)N

(15)

Then (15) implies
[[R,R],R]A.R=[[R,R],R].AR
 [[R,R],R]A  N

(16)

Combining (13) with (14) results in
(R,R,D)  N

(17)

Using (1), (15),(5) and (16),we have
(w,x,yz)(u,v,t)=y(w,x,z).(u,v,t)
=( y(w,x,z).u,v,t)=0.
Hence applying this, (2) and (12) we obtain
(R,R,D)A=(R,R,D)(R,R,R)=0

(18)

Then by (18), (17),(5) and (1) we get
0= (R,R,D)(R,R,R)
= ((R,R,D)R,R,R)
and 0=(R,R,D)(R,R,R)
=(R,R,( R,R,D)R)
Thus by these, (12) and (1) we have
R(R,R, [[R,R],R]).R=(R,R,D)R N

(19)

Let xR(R,R, [[R,R],R]) and w,y,zR.
Then by (14) and (1) we get xN and wx(R,R,D).
Hence by (7) and (17), we obtain (w,xy,z)=(wx,y,z)=0.
Combining this (1), (12) and (19) results in
(R,R,D)R N

(20)

Using (1), (17) and (20) we see that
<(R,R,D)>= ( R,R,D)+ ( R,R,D)R+ R.( R,R,D)R
Combining (17) with (18) results in
( R,R,D)R.A=( R,R,D).RA ( R,R,D)A=0

(21)

applying (20) and (21), we get
{R.( R,R,D)R}.A=R.{(R,R,D)RA} = 0.
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Thus using this, (18) and (21), we have <( R,R,D)>.A = 0.
THEOREM 4: If R is a prime accessible ring with Novikov identity such that [[R,R],R] is contained in nuclei,
then R is associative or [[R,R],R]=0.
PROOF: In view of theorem (1), we may assume that [[R,R],R]N.
Let D= [[R,R],R]+R[[R,R],R]
By lemma (4) we obtain <(R,R,D)>.A=0,
where<(R,R,D)>= (R,R,D)+(R,R,D)R+ R.(R,R,D)R
By semiprime ness of R, this implies <(R,R,D)>=0.
Hence [[R,R],R]N.
Then by theorem (1), R is associative or [[R,R],R]=0.
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